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FREQUENCY TRANSFORMATION PROGRAM

DECUS Program Library Write-up DECUS NO. FOCAL8-226

1. ABSTRACT:

\Various Fourier transformation methods can be applied when using
the Frequency Transformation Program described below. This
program should examine in particular the accuracy of the Fast
Fourier Transformation FOCAL program developed by ROTHMAN/2/

in comparison with normal Fourier transformations.

The result is that the Fast Fourier Transformation should be used,
Nu

if the number of discrete points is N = 2 (NU=1,2,3,...).

If not so, the transformation method with trapezoidal integration and

lag window "hanning'' should be used.

2. REQUIREMENTS:

2.1 Hardware: An 8-k PDP-8/1 or 8/E computer with an

ASR-33 teletype is the minimum hardware.

2.2 Software: 1) FOCAL 1969, DEC-08-AJUAE-PB
initial dialogue: NO - YES
2) Utility overlays for FOCAL 1969 (8-k)
DEC-08-AJUIE-PB
3) if available: MODV-Choice,
DECUS No. FOCAL 8-135
4) FNEW-Function for the Fast Fourier

Transformation

3. LOADING PROCEDURE:

1) Load FOCAL 1969 with the BIN-Loader into field @ and
start FOCAL at location $2@@.
2) Answer the initial dialogue with NO - YES



3) Stop the computer. L.oad the 8-k overlay with the
BIN-Loader into field 1.

4) If the program MODV-Choice is not available, leave out
this point.

Load the DECUS program MODV-Choice with the BIN-
Loader into field . Restart FOCAL at location g2@g
and answer the question with Y or N. Stop the computer.

5) Load the FNEW-Function with the BIN-Loader into field #.

6) Restart FOCAL at location @2@¢.

7) Load the FOCAL Frequency Transformation Program.

8) Start the FOCAL program with the GO command.

The teletype will give a message and the program will
erase the group 1 commands.

9) You have to write the lines 2. 14 and 2. 16 specially for
your problem (for details see chapter 8: comment of the
Frequency Transformation Program in the listings, group |
of FOCAL program).

10) With a GO command you will start the transformation.

. THEORY

4.1 Integration Methods

A certain integral

y- /;zr/ dt

can be evaluated numerically only by approximation. In
the different existing integration methods the formalism

increases to some extent for more accuracy.

4.1.1 Trapez integration

When evaluating an integral of a curve with only two
ordinates (to, yo); (t], y\}) , You get the greatest
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error. This linear interpolation (or trapezoidal

integration)

>I= /;[2‘) dt =~ —%é (ot )
o st=t,-t

can be easily developed.

4.1.2 Simpson Integration

In the Simpson integration
1ot 2-at
Y- [yt~ 2t [yor 4yt 5 ]
to

an integral is evaluated with three ordcinates

; (t ; (t . If the integral has to be deter-
(b v ) s (vl v)) . g
mined for a longer interval, the respective formulas can be

expressed as follows (equation 1):

by
Y‘/ yl dt =~ éf[%* Yyt Byt #ys t By
%

v ¥ 2)2/_2 + 4‘)’”_/ /7 ]

Here the interval is divided into a linear number N

of segments of equal width at .

4.2 Fourier Transformation

With the Fourier transformation a function of the time domain
is transformed into one of the frequency domain. If this func-
tion is only given in discrete ordinates, the frequency domain

after the transformation is |limited.

The frequency interval is:

af = 4/(2~4£-/V/
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Here at  is the time interval and N the number
of ordinates. So the |imited frequency domain after the

transformation is
f =k' Af for‘ k=0, l,o.-,N

or

-
|

=0, af, 2-af, 3-4f, .., N* af=1/(2° at)

4,21 Fourier Integral Transformation

The equation

P - [ywe I w
-ob

shows the Fourier transform of a function y(t) .
if the function is non-existent for times

t £0, P(f) is as follows (equation 2):

Py)= 2 [yt e ot
o

or it is divided into real and imaginary parts (equation2):
=
Re P{{/ = 3'/)/(?‘/’ cas (wt/] ot
(24

br P =2 [ yt4) sin (wt) ot

4,2,2 Derivation from a Fourier Series

Periodic variables can be represented in the time domain

by a Fourier series of the form

o0
- 2B > [acasteat) v bosinliu )]

K=+
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where the coefficients ak and bk are defined by

(equation 4):
N-ot
a, = / y(#) cas (w,-t) olf

o

V25
b, = y(f) _gh[wu-fj olt
e/

N+ at is the periodic of the variable, and w, , the

k
k-th harmonic of the fundamental frequency w] , is given
by (equation 5):

2-Tk
wk.‘ k.w“ = Eyk'ﬂ = A/L\t

If the variable y(t) is sampled at N equally spaced
points  at seconds apart, the Fourier transform is /3/

(equation €):
¢ g
Re P/r// = —;—-[y(o/+ E’Z)’/’fé/c"J %L ¥ (- l}ky [é”/J
(=1

= |
lis P[// = -ALL Z)’(f,;/é""’%é

=l xk=01,¢2,.., N

Here the coefficients ak and b|< are evaluated by

trapezoidal integration.

4.2.3 Fast Fourier Transformation

The Fast Fourier Transformation is extremely useful

in the convolution of time series. The algorithm has

been well described by BRIGHAM /1/ and ROTHMAN /2/.
Since the Fast Fourier Transformation FOCAL program

developed by ROTHMAN /2/ is used in this Frequency



Transformation Program too, there will be no detailed

description of the Fast Fourier Transformation here.

4,3 Lag Windows

When using the Fourier transformation from a number of
discrete ordinates, there are usually side lobes apart from
the main lobe. In order to concentrate the main lobe and keep
the side lobe as low as possible, the ordinates of the function

can be multiplied by a lag window.

The lag window (equation 7)

il
—

D (t) for Jt] ¢ t
o max

=0 for lt' >t
max

is practically of no consequence. A simple and convenient
compromise is represented by the lag window called

"hanning!" (equation &):

L{}

T
Dt)=os(1+ wsi)  for It E bee

= 0 ]{0’ /t/ > émax

An alternative compromise is represented by the lag window

"hamming" (equation 9):

3 4
‘Da[f’, = 0.54 + 0. 4%6 co.sI— /’ar IE] € trear

é max

=0 ](0" /éll = meqx



Frequency Transformation Program

The present FOCAL program transforms a number of ordinates
(time domain) into the frequency domain. Here different integration

and transformation methods are used.

1) Simpson integration:
The Fourier transformation takes place according to equation 3.
Here the integration method is the Simpson integration

(equation 1).

2) Simpson integration with "hanning" window:
In addition to the above method 1 the lag window Dz(t) ""hanning!

(equation €) is considered to smooth the curve.

3) Simpson integration with "hamming" window:
In addition to method 1 the lag window D3(t) "hamming"

(equation 9) is considered.

4) Trapez integration:
The Fourier transformation takes place according to equation 6.

Here the integration method is the trapezoidal integration.

5) Trapez integration with "hanning" window:
If the lag window Dz(t) ""hanning" is considered in equation €, it
is reduced to (equation 10):
i - ;
Re P[}[/ = -‘éé[y(o/rz (1+ cos %/)/(zfi/ s Zﬂ}i
L=/
7k

oo ,
b PY) = - -‘B‘—é i (47‘(05%/)//4-/5/;«; vy

c=/



6) Fast Fourier Transformation:
The Fast Fourier Transformation according to ROTHMAN /2/

is made.

Comparison of the Different Methods

The quality of a Fourier transformation method was seen in the
errors that occur when a theoretical peak (the amplitude of the peak >>>
the amplitude of the harmonics; width of the peak approximately zero)

is evaluated by different methods.

With the Fregquency Transformation Program several operations
were made to find out the quality of the individual methods, particu-
iarly that of the Fast Fourier Transformation. The result was as
follows (the percentages below refer to the example described in

chapter 8):

1) The Simpson integration has better resuits (as could have been
expected from the theory) than the trapezoidal integration

(without using a lag window).

The Simpson integration has a sharp peak at w, = A (1/sec)
however the ratio of the amplitudes (the amplitudes of the higher
harmonics to the ampiitude of the main Iobe) is appr. 8 per cent.

There isanadditional peak at 6,5« w, (particularly in this

1
example).

The trapezoidal integration has a somewhat wider (and thus less
correct) main iobe; the ratio of the amplitudes is appr. 10 per

cent; however there is no additional peak.



2) When using lag windows in the Fourier transformation,
the curve is smoothed, i. e. the amplitudes of the higher

harmonics are reduced, whereas the main lobe becomes wider.

In the Simpson integration the lag windows " hanning''and
tThamming'' are used. The '""hanning" window (at the ratio of the
amplitudes of appr. zero) widens the main lobe a bit more than the
"hamming'" window (at the ratio of the amplitudes of appr. 1,5 per

cent). The additional peak at 6,5 w, was again there.

1
3) If the lag window ""hanning" is used in the trapezoidal integration,
the main lobe is also wider, however the ratio of the amplitudes
is only about 0.2 per cent. There is no additional peak. Apart from
that, the imaginary part (theoretically equal zero in the example)

is much smaller than in the Simpson integration.

4) The Fast Fourier Transformation shows a sharp main lote;
the amplitudes of the higher harmonics are reduced very quickly

whereas the frequency w, increases. The imaginary part is

k
evaluated better than with the above mentioned methods.

The comparison of the various methods shows that the Fast Fourier
Transformation FOCAL program developed by ROTHMAN /2/ has
not only a much higher operating speed, but that it is also more
accurate than the other described methods. So it should be used, if
the Fourier transform is to be evaluated out of a time series of

NuU

N =2 discrete ordinates. However it should be kept in mind,

that the frequency step is
af=1/(N-at)

in the Fast Fourier Transformation FOCAL program and that the

results for the frequencies



f>1/(2-at)
cannot be regarded as exact.

: . N )
However, if there is a number of N # 2 u ordinates, the trapez
integration with lag window D2 (t) "hanning", (equation 10), is use-

ful, since this method is comparatively exact. Here the frequency step
is
af =1/ (2-at + N

and the maximum frequency:

R s ™ 1/(2- at)
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8. LISTINGS OF PROGRAMS

The Fast Fourier Transformation FOCAL program written by
ROTHMAN /2/ will be repeated once more below, because there
are different, sometimes even incorrect versions in the various

existing publications.

The following listings are attached:

1) Listing of the FNEW-Function for the Fast Fourier
Transformation

2) Listing of the FOCAL Frequency Transformation Program

3) The teletype output when starting the Frequency Transformation

Program and an example.
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