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DECUS Program Library Write-up DECUS NO. FOCAL8-217

HAMMING ALGORITIIM TO SOLVE TWO CCUPLED ORDINARY FIRST ORDER
DIFFERENITIAL EQUATICNS WIT!I GIVEN INTITIAL CONDITTONS

BACKGROUND:

Given a system of two coupled ordinary differential equations

d dM
E§ = f(x,y,M) and i = g(x,y,M) w1 )

o and M(xo) = M_, the solutions

in the form y=y(x) and M=M(x) are sought. The procedure given here

with given initial conditions, Y(Xo) =y

is extracted from Ref(1). The main algorithm used is the Hamming's
modified predictor-corrector algorithm. This method is a stable
fourth order integration procedure that requires the evaluation

of the right side of the system only twice per step. As a comparison,
the Runge-Kutta method requires four such evaluations per step.
Another advantage is the estimation of the local truncation error

at each step. As such, this method indicates the »oint at which

the step size can be altered for greater speed and accuracy depending
on thie local truncation error. The only drawback of this method

is that it needs the first four starting values. In order to obtain
these starting values, a special Runge-Kutta procedure, as suggested

by Ralston is used.

Any such system of ordinary difterential equations can be
represented by

d .
Y' = d—}; = F(x,Y) with Y(xo) =Y

where Y', F(x,Y) and Y  are column vectors with the number of

scealil)

(o}

comyonents equal to the number of equations and each component
equation representing one differential equation. Supposing the
results at the four equidistant noints Xj 99 xj_?, xj_1, and

Xj are known, Then the following nrocedure gives the results at Xj+1:

Predictor: Pj+1 = Yj-3 + (hh/j)(ZYj - Yj_1 - 2Y3_2)

Modifier: Miq = Pij1 ™ (11.2/121)(Pj - CJ.)

Corrector: Cj+1 = (9YJ - Y o+ 3h(F(xj+1,Mj+1) + 2Y3 - Yj_))/B
Final Value: Yio1 = Cipq # %lillﬁfj“ - Cy,q)

Truncation error: te =,(9/121) ZE: wi'pj+1,i = cj+1’il

it



where P,M and C are also column vectors and wi's are the error

weights to take care of the order of magnitude of the elements of Y.

During thé first pass, the modifier is ignored because the
values of Pj and Cj are vet to be evaluated. In case the truncation
error, te’ exceeds a prescribed value, then the step size is
halved, four new values at xj are obtained using the same starting

procedure.,

The special Runge-Kutta algotithm as proposed by Ralston

has the following form., Starting at xj the results at xj+1 are

obtained by computing the following quantities:

K1 = th
K, = hF(xj+.hh,Yj+.hK1)
Ky = hF(x;+.4557373h,Y+.2969776K +.1587596K,)

K, = hF(xj+h,Y +.218003K1-3.050965K2+3.832865K3)

5

=Y +.17&7603K1-.551u807K2+1.205536K +.17118h8Kh

Y41 j 3

where K1, K2, K3, and Kh are also column vectors.

PROGRAM DETATLS:

The program listing included is capable of executing the
above procedure in FOCAL-S 11/70 language for solving only two
coupled equations. The listing includes some explanatory comments
which may be deleted to conserve core storage area. All the variables
in the »rogram are global. So, the variables used in any auxiliary
programs must be different from those already used. A list of

variable names is given in Table 1

Illustrative example:

A trivial problem is solved using the above program for the

purposes of illustration:

r _ _ aM _ _ i - -
=Y & 3% = -M with y(0)=1 and M(0)=1

The exact solutions are y=M=exp(-x)

The user needs to type in the additional steps in parts

1, 3, 7, 8, 15 and 20 as shown in the example listing:



Auxiliary Listing
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A1eTH
Ale80 ¢

A326
A3e30G

A715
AT:20

ARe20
1526

2020
*

=

XM XM, KA XASTYAY A *MATMB s *RR AR " H " H,*ST"S T
TWYTWY, WM UMS TP TP

TIOXM=", XM, XA, X0, YP=",YE," M@=",MA," RR=",RR,!
" OHEYLHL" ST, 5T, WY=",WY,"™ WM=",WM," TP=",TP

v X Y M TE EXP(=X3",1
TTed,oX05" "oYBs®™ "oMPs" "5TEL™ ©, FEXP(=XZ), ¢

R7e45X0415" “5YTA1s" "oML4]15* *,TEs* ", FEXPC(=X[4)),!
YX=-Y

MX==M

Sample OCutput Printout

Xtite5 XAtH YAl MA:1 RR2eB7AS Hie@l STts1 WYS! WMl TP:8

XM= (.500000 X0= 0.000000 Y@=

1.000060 MB= ]1.330000 RR= R.005000

H= 9.010000 ST= 3.100000 WY= 1.800000 WM= |.000000 TP= 0.0800000

X Y M TE EXP(=X)
ReBAARAA  1.000000 1.000000 0.000700 1.800200
Be13BABB 0984836 B.904836 (.000008 B.904837
D«200007% NBI8T28 (818728 0.300000 0G.818731
Re3RGRAB (PTAOBIA (740814 B.000000 B.740818
Ne4B00ND (670315 Be6T70315 0.000800 B.672320
B.500000 D.606525 D+606525 B.000000 G.686531

END
*G

XM:2 XAt YBe:1! MAr1 RRe.(G8S H2 STe.1

WYesl WM:i TPtl

XM= 2.000000 X0= N.000000 Y0= 1.000000 MO= 1.000000 RR= 0.005000
H= 2.000000 ST= G.100000 WY= 1.300000 WM= 1.006000 TP= 1|.000000

% Y M TE EXP(=X) .
tes th
0.000000 1.000000 1.000000 0.000000 1.000080 2~ -5 illustrates the

H= 0+100C00E+71
H= A.560000E+00

automatic reduction
-in step size H,
because of initially

Egéaazaea @+135035 0.135035 #.880567 0135335 high truncatioh error.
*
REFERENCES :

1. System/360 Scientific Subroutine Package, Version TIT

Published by IBM,

'FOCL. S,
Decus Program Library No.

2. Wrege,
based on IFOCAL,

D.E.,

19680

w

an expnanded languagce for- small computers,
FOCAL8-148,



*T %58

Q1{A0> P«1385868E+05
Pl(BB) Be138560E+00
DBCHB) Ge8B1910GBE~B1
Ce(Pn) P.819100E-01
Te(OB) BG.812352E-01
Se(dR) B.812352E=-01
Q8(P0) BB4TS9TE=G1
Pe(@3) PB4T759TE-B1
MP(B4>~3.821219E=-01
YP(B4)=-B.821219E=-@1
M8(34) R.821219E~-B1
Ye(BA) B.B21219E-01
X8(04) G.250000E+01
MP(B3)~-0+135035E+06
YP(#33=0+13S035E+00
M8C(B3) Be13533SE+90
Ye(03) @Be13503S5E+00
X8(83) 0.200000E+01
MP(P2)~0+22339SE+00
YP(B2)=0.223395E+00
MB(B2) D«22339S5E+00
Y8(G2) G.223395E+606
MK(BD) 0.223395E+00
YK(BO) G.223395E+00
L4(BB)~0.110667E+20
K4(@@)-8:11666TE+6B
L3(@2)-3.145G61E+00
K3{(B0)-0:145661E+0Q
L2(0B)~014T268E+00
K2(PB8)~0.147268E+00
Li(BG)~0-184B85E+80
K1(08>)~0+184085E+00
XX(00) P.0000030E+00

MM(O@®) B.368171E+00

YY(B8) B«368171E+00
Xe(02) P.150000E+01
10(6B) 6.5000600E+01
TE(BOY 0.423931E-03
MP(B1)=0.368171E+00
YP(@1)-0.3681TI1E+00
MX(00)-0.821219E-01
YX(0B)=0.821219E-01
M@ (BB) P«821219E-0])
Yo (PA) B.821219E-01
Xe(AB) C.250000E+01
Me(B1) B«368171E+80
Y8(B1) B.368171E+00
Xe(81) G.106080E+a1
PN(2@) 0.130008E+81
Ne(32) 9.5080080E+31
TP(BO) Ge«130680E+81
WM(DB) 9.108000E+01
WY(P9) @.16000BE+B!
ST(2G) B«1008600E+00
HO(BG) 0.502000E+20
RR(0G3) 0.500000E-02
MB(00B) D.10086BE+01
YB(B0) G+1008000E+81
X0(00) G.PB000BE+DQ
XM(Q2) D.200000E+81

Z9(00) A.3T71200E+04
*

TABLE 1

NOTE: THE RATIO OF ST TO H MUST BE
AN EVEN NUMBER FOR PRINTOUT

TO OCCUR CORRECTLY,

eess TTuncation Error

eeoIf TP=1, then the output is printed out at

every H provided H is halved.

is ineffectual

ssesoutput printout interval size.

«eeStep size

Otherwise it



A08 MAIN LISTING
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9110 C HAMMING'S ALGORITHM TO SOLVE FOR Y=Y(X)s M=M(X) GIVEN
D115 C Y*=F(XsYsM) AND M*=G(X,Y.M)
81«20 C INPUT THE FOLLOWING: MAXIMUM X=XM
1«30 C INITIAL X=X@, INITIAL Y=Y@, INITIAL M=M3.,
@1+40 C TRUNCATION ERROR LIMIT=RR, STEP SIZE=H, INTERVAL S1ZE=ST,
B1+56 C WEIGHTING FACTORS FOR THE CUMULATIVE ERROR, WY AND WM
8155 C AND PRINTOUT SELECTOR=TP
@1.68 C COMPLETE PARTS 3,7,8,15 AND 20
#3413 C INPUT DISPLAY PROGRAM
@581 C HAMMING ALGORITHM:
P585 T 113S N=33S PN=@3S X[11=X@3S Y[]I=Y@;:S MC{11=M@3S X=X[11[tK
S Y=Y(133S M=MC113D 153D 203S YPL1)=YX;3S MP[1J)=MX3S TE=Q
@5.08 D 7
BSell F 122,435 XCIl=X(I-11+H3S YY=Y[1-133S MM=M(I-113D 10C['K
S YCIX=YKSS MUIJ)=MK3S Y=YK3S M=aMK3D 153D 28C tK
S YPLIJ=YX3S MPCIl=mMX
@5+14 S PaY[11+4%H*(2*(YPL4I+YP[2))-YPL31)/3( 1K
S Q=M[114+4%H*x(2%(MP(4]+MP[23)-MP(31)/3
@517 S S=P:S T=Q
B5«28 S X=X[{AJ+H3S Y=S3S M=T3D 153D 28
05423 S C=(9*%Y[4)+3%He(YX+2*YPL4)=-YP[31)~-Y(2]) /8 K
S Du(9*M{4)+3%H& (MX+2«MP[4)-MP[31)=M[23)/8
526 5 TE=9%((WYXFABS(P~-C))+(WMAFABS(Q=-D)))/121
#5429 1 (RR=TE) 6+05 v
0532 S N=N+13F 1=2,43S X(1-11)=XC135S YCI-13=YCI133S YPLI=1)=YPCI1]C K
S MUI=11=M{1)3S MPLI~-1)=MP(C1]}
#5435 S XC4)=X(41+H3S Y{4)I=C+9%(P~C)/1213S M{4]=D+9%(Q=D)/121( 'K
S X=sX[4313S Y=Y[413S M=M[413D 153D 2035 YP(4l=YX}S MP[41=MX
85+44 1 (XM=X[41) 5¢9931 (PN=1) 5.47,5¢5,5.47
0547 1 (80831 +FITR(N*H/ST)=N*H/ST) 562
@558 D 8
0562 5 Pi=P3S Qi1=Q3D S5.143S S=P=112#(P1-C)/1213S T=Q@~112%(Q1-D>/121
@565 G 5.2 :
PS.99 T “END™!13Q
0603 S H=H/23S N=33S PN=TPIT "H=",2,H,136 511
2718 C INITIAL VALUES DISPLAY PROGRAM: X0, Y@, M@
#8.18 C OUTPUT DISPLAY PROGRAMS X[{4l, YCAl, MC4]
1801 C RALSTON'S FOURTH-ORDER ALGORITHM:
1885 S X=XXN3S Y=YY:S M=MMID 153D 2035 Kl=HaYX3S L]sH&MX
1Be1@ 5 X=EX+e48H3S YaYY+e42K]35 MuMM+e42L13D 153D 26CtK
S K2=HaYX:S L2=HxMX
18615 S XaXX+:4557373%HIS YeYY+e2960776%K1+¢1587596%KO[ tK
S M=MM4+.2969776%L1+.1587596%«L23D 153D 2835 K3=H&YX3S L3=H&MX
1020 S XaXX+HItK
S Y=YY+.21810044%K1-3.050965%K2+3.8328648%K3[ 1K
S M=lM+e2181004%L1~3.050965%L2+3.8328648+L3[ 1K
D 153D 203S KAsH#YX:S L4sHaMX
1325 S YK’YY+¢l747603*Kl-.551&86?*K2+l0205536‘K3+ol711848lk4['K
S MKBMM#ol747603*L1--5514887*L2*lo205536*L3+-!711848*L43R
1510 EVALUATION OF YX=F(X»YsM)

Q0

2@e10 EVALUATION OF MX=G(XsYsM)






