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A PSEUDO RANDOM NUMBER GENERATOR FOR THE PDP-5

DECUS Program Library Write-up DECUS No. 5-25

SUMMARY

The Random Number Generator Subroutine, when called repeatedly, will
return a sequence of 12-bit numbers which, though deterministic,

0000 to 7777,. Successive numbers will be found to be statistically
uncorrelated. The sequence will not repeat itself until it ‘has been
called over 4 billion times.

USAGE
Calling sequence to initialize the subroutine:

JMS IR (Initialize random numbers) ,
Return (AC cleared upon return) .

In the initializing, C(AC) are lost, but the link is preserved. IR
should be called at the start of a run in order to set up the proper
sequence of random numbers,

Calling sequence to obtain a random number:

JMS RN (AC and link are ignored) .
Return with randem number in AC. Link arbitrary.

Location: 3000-3077, binary relocatable.
Time: Approximately 0.4 msec.

METHOD

The algorithm for generating the random numbers was suggested by

B, A. Tague of Bell Telephone Laboratories (private communication).
The Random Number Generator actualli produces a 36 bit number, denoted
X, and the sequence of Xy 1s determined as follows:

 Xg =l
x, = (217 4+ 3) X,y Modulo 36 bits

The subroutine returns only the 12 most significant bits of the 36 bit
internally stored number.

When IR is called, 0000 0000 0001g is stored as x ;n the Randem
Number Generator. The first time RN is called, (31 + 3) is generated.
Since this does not appear in the left 12 bits, 0000 is returned.

The second number returned is 20005, Appendix A is i print-out of the
first 500 random numbers generated by RN,

The algorithm used at Bell Telephone Laboratories differs from the one
used in the PDP=5 program in two significant aspects: (l) modulo=-35 bits
multiplication instead of 36 bits is used, and (2) the full 35.pit
product is returned as the random number, instead of just the most
significant 12 bits,



STATISTICAL PROPERTIES

Although the properties of the Bell Labs random~number generator
have been studied, the PDP-5 generator is sufficiently different

to require a separate analysis. The generator used here is of a
class known as multiplicative generators. Hull and Dobell describe
a few tests which can be applied to such generators.* The tests
used in this report are somewhat simpler than Hull and Dobell's,
but they test the same properties.

It should be emphasized that the sequence of "ramdon numbers"
generated by the subroutine is in fact completely deterministic and
hence one might expect that there would exist some test for
randomness which the sequence would fail. The suitability of the
sequence is determined by its application. The user may wish to
apply tests other than those described here, since these tests may
not investigate the required properties.

All of the tests described below test the following hypotheses:

Ho(null): The numbers returned by the Random
Number Generator are drawn from a
sequence of independent trials from
a distribution that is uniform over
the interval 0000 to 1777g.

Hji: The numbers are distributed otherwise.
SIGN (bit zero) TEST
The generator was called 2,048,000 times. The expected number of

positive numbers (sign bit zero) is 1,024,000 with a standard
deviation of

vnpg = +f(2,048,000) (0.5) (0.5) = 715.5

We reject Hy if the measured number of positive numbers falls outside
of 1,024,000 + 1.96 s.d. for a 0.05 level test. There were actually
1,023,360 positive numbers returned, a deviation of -640 from the
expected mean. (Measured success probability = 0.4997). This is well
within + 1.96 s.d., so we accept He =

FREQUENCY TEST OF SELECTED NUMBERS

Under Hy, with 2,048,000 trials, each of the 4096 possible 12-bit
numbers should appear an average of 500 times with s.d. = 22.36. A
few numbers were chosen for investigating their frequency of occurrence.
If we neglect the influence of the rate of occurrence of one upon the
rate of the other, we would expect 95 percent of the numbers to occur
between 455 and 545 times. The results are shown in Table I.

*Hull, T. E. and A. R. Dobell, "Mixed Congruential Random Number

Generators for Binary Machines," Jour. Ass'n for Computing Machinery,
Vol. 11, Jan. 1964, p. 31.




TABLE I

FREQUENCY OF OCCURRENCE OF SELECTED NUMBERS

Number (Octal)

Occurrence (Decimal)

Within Limits?

501
502
500
471
462
500
522
496
505
471
513
501
504
520
503
499

All measured
frequencies
fall within
95 percent
limits of HO.



MEAN AND VARIANCE

Mean: Under H_, the average value of the numbers returned
by the generator should be 2047.5, with a s.d. of
1169.1/ yn° . A sequence of n = 32,768 numbers (so that
s.d. = 6.46) yielded a mean of 2047.4, almost exactly
equal to the H, population mean, and certainly ,within
+ 1.96 s.d.'s.

Variance: The sample variance for n = 32,768 was measured as
2

s2 = 1=1 = 1,393,171

The H population variance ig 1,398,102.

To test the variance, under HO the statistic

2 n..
nsy_ ¢ xo-w)
z i=1 2

(e} 0'2

is distributed y? with n degrees of freedom, where yu
equals the Hy population mean (2047.5) and o? equals
the H, population variance. For large n (32,768), the
expression y5or - In-T is distributed N(0,1). (See

Hoel¥ p.401). Constructing a critical region for ¢ = Oy

2

VS. 0 # 0o, we reject H, if nS) £a1ls outside the limits
32,268 to 33,272. The measured valiue for nsy is

02

1’152
U
2

= 32,652

o
Again, we accept the null hypothesis.

AUTOCORRELATION

A common requirement of random number sequences is that the numbers be
sequentially independent. 2 0.05 level test for correlation was con-
structed. If the numbers are sequentially independent, (i.e., if H_ is
true), this correlation test will fail at most five percent of the Rime.
Since, however, a set of numbers can be sequentially uncorrelated and
yet not be independent, this test is relatively weak.

*Hoel, P. G., Introduction to Mathematical Statistics, third edition,
John Wiley and Sons, New York, 1962.



The autocorrelation function of 32,768 random numbers was computed
for shifts from 1 to 99, inclusive.* (99 numbers were generated prior
to the 32,768 so that the shift product could be formed for all the
32,768 numbers). One would expect that the average product would
cluster about E(x2) which, for an independent sequence, yields

E (x*) = [E(x)]? = (2047.5)% = 4,192,256.

2

This in fact did occur. For example, x, for shifts of 1, 2, and 3
were 4,192,555, 4,189,914, and 4,196,667, respectively.

Hoel (p. 165) definesg a correlation coefficient, r, which for an
autocorrelation function becomes: **

where {xl} is one sequence and {x1+T}is the shifted sequence. If the
sequences are uncorrelated, then the quantity

1l + r

Z =X 1n( =

)

will be distributed approximately

normally with zero mean and variance
1/(n-3), where n, in this particul

ar example, equals 32,768. Constructing
a 0.05 level test, the H acceptance region for r becomes -0.010816 to

+0.01088. This results $n the acceptance region for to be from
4,176,779 to 4,207,005, X

i Xi+T
When the average products x; X;+T were examined for 1 < T %X 98,
the following values of 1 yielded products out of the 95 percent
acceptance region:

¥Th¢ autocorrelation functions for a shift of zero is related to the
variance and is discussed in Section 4.3.

**An approximation is made that x: = x. and that x

2
1 i+T,

Z i+ 1)
i = X(Xs+T
_r n



TABLE II

values of 1 for which the Autocorrelation Function Fails a 0.05 Level

Test

T Xy X347

21 4,207,225
24 4,172,528
30 4,208,613
47 4,207,888
57 4,171,403
59 4,173,423
68 4,208,418
98 4,175,611

Acceptance region:

from 4,176,779
to 4,207,005



There are several ways to interpret these results. One way is to state
that the sequence of numbers appears to be correlated for the 8 listed
values of 1. If the user is concerned about correlation at T = 30,

for example, he would be justified in rejecting this random number
generator. A possible alternative would be to write another program
using, say, 218 +3 as the multiplier (instead of 217 + 3).

The author's interpretation of the data is that if 99 correlation
coefficients are chosen from a population in which > percent exceed
certain limits, then one would expect about 5 "failures" in the 99,
In fact, with p = 0.05 and n = 99, 93.5 percent of the experiments
will yield between 2 and 9 failures* Having obtained 8 failures, we
are thus within reasonable bounds for Hg.

In summary, HO is accepted on the basis of the measured autocorrelation
function.

The autocorrelation function is, unfortunately, a gross statistic and
certain subtile interdependencies may still exist. For example, it is
conceivable that if the generator returns the value of zero, the
probability that the next number will be zero would be much less than
1/4096. For such a specialized case, it is recommended that the user
develop his own test for the sequence.

THE UNIFORM (0, 1) DISTRIBUTION

Numbers are sometimes interpreted, in the PDP-5 computer, &S a signed
fraction with the binary point to the right of the sign bit. The
highest possible positive number is thus 37778ﬁy 0.9995. The following
calling sequence will cause the random number generator to return
positive fractions uniform over (0, 1):

JMS RN
SPA
CMA

The one's complement CMA instruction establishes a one-to-one corres-
pondence between all negative numbers and all positive numbers.
Appendix B is a print-out of the first 500 random numbers, interpreted
as fractions, in which negative numbers were transformed with the above
sequence of instructions.

SEQUENCES OF LONG RUNS

The user may wish to use several different long sequences of random
numbers. One sequence, for éxample, would use numbers 0 tc 1 million,
the next, 5 million to 6 million, then 10 million to 11 million, etc.

It can be very time consuming to call the generator 10 million times Jjust
to initialize the desired sequence.

*Weintraub, S., Tables of the Cumulative Binomial Probability Distri-
bution, Collier-MacMillan, London 1963, p. 800.




A better way is to write a short program which will call RN many
millions of times, and after each million numbers, type out the
contents of registers 3075, 3076, and 3077. (See +the gymbolic dump
in Appendix C) . From then on, the generator can be initialized to

any starting point simply by putting the appropriate 36 bit number
into these registers.



Appendix A: Tabulation of the First 500 Random Numbers Returned by
RN

Papy 2090 2088 AP0P 4PP3 6§13 6§47 P21g P715 Sggl
3722 4337 5326 2453 4571 7117 6236 7346 1726 2352
3365 #6045 3177 652f @542 2174 5164 5133 6§22 7462
521f 5154 573 631 7252 4457 7433 5772 5751 7654
7325 7762 352 4565 6585 7175 565 3262 6284 1316
6463 1762 2733 1637 6403 @572 7676 2446 647§ 2366
1316 4457 1723 @516 @546 P243 1463 PS567 4Ggg 3322 °
6350 2807 PPA3 7721 5314 3153 P523 1¢61 6464 7577
1946 2555 4464 5142 3567 1533 6353 1521 5641 5747
531 454¢ 1571 2166 3604 4323 6560 2465 1116 1370

442@ 7650 4136 4511 4147 1324 #532 1243 7652 5875
6155 1152 5243 7¢33 £343 5137 1875 224 $113 g417
7666 4275 141f 3684 6723 1511 1514 5065 5624 6631
2541 4748 3325 2037 3467 5064 4103 4781 6G44 2422
6441 2451 23¢7 1g67 7111 2792 6777 2042 3321 3665
6344 5773 7726 3466 4265 3535 4712 6165 7246 5743
7272 12f2 321 2156 6§14 2152 5016 4227 2412 2354
6054 g27¢ 1381 7915 3611 1274 4225 7335 3764 6757
4006 3273 6@53 P155 G414 3156 4443 @365 7577 4133
1255 433f 4367 5861 4162 5360 2647 5515 g455 2524

#535 6074 4442 6259 2709 2221 1652 @335 FE65 6564
5336 6f36 134¢ 4961 1542 6720 @621 @424 2131 2147
7502 3753 1@61 4742 1622 @167 7251 37@6 3256 3@35
222@ 4132 2416 3447 4547 60p6 7606 2354 6728 5217
7407 7442 7614 4425 3224 4662 5373 7233 @317 2544
2421 P735 4622 6243 P657 6135 3377 7266 2514 7535
420 6273 5741 4254 2440 2262 5@14 3f@4 2655 7746
4123 3326 5831 1417 1571 6514 62g4 3553 3732 @127
3540 6456 4263 §623 3440 p224 7539 5325 1345 1749
4457 4964 5224 4635 3172 213p 5793 1562 3321 6744

#772 1327 5471 6787 4651 §766 P323 3519 Flge 2026
1921 5635 7416 2716 3531 5722 §314 7136 5411 235g
3632 6166 7727 1333 7224 g7g5 1550 4261 §132 4616
1051 5372 5147 7645 6971 P2p6 ga4s 3949 3166 1641
3634 pAPP 6604 6924 5322 4963 5713 366 3644 4457
7122 351 3244 5213 757g §757 6135 631% 4545 4526
7566 6272 6463 §247 4434 2311 3272 g511 3452 1547
7757 2374 5173 3g@4 g796 4167 7327 $33§ 5601 F551
6352 2314 2161 1636 4671 6677 3371 1§37 4773 6314
7333 5§31 1332 5075 778 3136 2157 2512 1723 5524

6607 7464 6574 6g21 5407 4616 1@3g 5215 4166 3716
7246 2646 5§15 6579 1126 4314 5675 5504 2755 1@52
1651 3172 @747 2431 4567 7354 #122 7643 3352 @391
1113 5373 4471 42p1 6411 7646 6623 4231 2556 3457
3072 4260 4921 3@67 4255 P@37 7237 5246 411¢ 2733
2231 5337 1724 4441 p121 1667 7560 7454 6§31 2¢8@7
3503 5524 7231 2643 5156 7738 6462 2222 g243 7261
7154 3106 7734 5254 6514 1667 5232 1954 4633 5@g31
1937 2739 5763 3434 5427 3221 7626 3145 3026 7364
7366 3455 P143 2673 5343 @791 2204 7522 7506 2673



Appendix B:

8909
.9775

.8696
.6831
.1455
4746
.3505
.3862
.2685
«6552

. 8666
. 4462
.P#356
6723
. 3583
.3881
1586
4780
9965
.3344

L1794
L6417
0922
.5703
1218
.6333
.9379
«9589
.9218
«8515

L2470
.2583
7626
L2700
9511
L2094
7668
.Jg78
.3852
.1425

.30885
.1684
.4575
.2866
.7783
5747
9@77
«1967
.2651
.1293

-S5PPP
.8906
« 4899
.6967
70963
4931
.9765
.5034
.6782
.8276

.Pa24
3017
L9072
7651
L6450
5819
.3134
.gc98
.8413
L8947

4752
.4848
«9897
9555
.1879
.2329
L4782
. 8544
3520
9741

.3549
5478
4418
6274
L1258
L9067
4786
L6230
.5976
.7373

.9991
1068
.8395
.6269
<9135
.6496
.5834
. 7841
L7304
.8969

{

Tabulation of the First 500 Random Numbers interpreted
as Fractions |

5098
L6450
8128
5292
.7785
.7319
L4789
O34
.8491
L4340

.9536
.6699
.3789
.854%
.5971
2081710
.8129
.3442
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.8789
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2739
.6318
.7561
.8032
5146
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6772
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.3564
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L2431
4532

+ 22583
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APPENDIX C
SYMBOLIC DUMP OF THE RANDOM NUMBER GENERATOR

3808,3077s

IR—— 300@ 7402 HLT
3981 5263 JMP 3063

RN=—>30@2 7402 HLT
3993 72008 cLa

3¢94 1277 TAD 3977 :

3¢@5 7994 RAL ﬁihost Significiyt
3996 §271 AND 3071 12 bits of (217)x__,
3997 3274 DCa 3974 .

3919 1276 TAD 3076 goes into 3472

3911 @279 AND 3979
3912 1274 TAD 3974
3913 7006 RAL,RAT
3914 7096 RAL,RAT

3015 7994 RAL
3916 3272 DCA 3072 ________i; (Link is zero)

317 1277 TAD 3977
3020 9279 AND 3979

A

3921 7¢¢6 RAL,RAT =

3g22 75%2 RAL,RAT 5 2, Middle 12 bits

3923 7 RAL k 17+1

3024 1596 TAD 3976 . 53 : OF (2t Ny 1

3925 3273 Dca 3073 w1 >4y O in 2873

3426 743¢ SNL,SKP S Q QE

3027 2272 18z 3972 "5 Y, €—— overflow into

3¢30¢ 7999 NoP f0P DO 3972

3431 1277 TAD 3g77 Q3

3932 7184 CLL,RAL 300

3933 7439 SNL,SKP 9, 88 Add 2xn_31 o

3034 2273 1Sz 3973 EH o . &——— iddle 12 bits

3§35 7419 SKp S0 0 g _

3336 2;;5 ISZ 3972 g ; , € Overflow into 372

3937 7 NOP - Rl

3940 7189 CLL LGS '

3441 1277 TAD 3977 9 = b 3ﬂ77_now contains least
3642 3277 DCA 3p77 AT A d‘ 12 bits of 3xpn-1, or
3714 1opy LAD 3§76 A2 + 4% (217 4 3) Xn-1 [The 217
z #p4 RAL ..~ 849 does not appear in least
3645 743¢ SNL,SKP ;’gj; - 12 bits]

3046 2272 1ISZ 3872 S G — & ™

3847 7888 Nop

3858 7189 CLL

3¢51 1273 TAD 3§73
352 3276 DCA 3976
3¢53 1275 TAD 3975
3854 7884 RAL

3955 1275 TAD 3875
3656 1272 TAD 3972
3¢57 3275 pCA 3975 @ |€—
3¢6g 1275 TAD 3975
361 5682 JMP* 3gg?2
3062 PPPP not used

J}

Final 12 middle bits

Final most significant 12
bits




IR

3463 7281 CLA,IAC
3864 3277 DCA 3877
3965 3276 DCA 3076
3966 3275 DCA 3875
3967 5648 JMP* 3ggg
3879 §177

3871 7499 Constants
3972 pRgp '

3873 PPPF yTemp. Storage
3074 gL

3875 PPPP most 36-bit stored
3976 @PPP middle random number
3877 PPPP least

12



